Kleinian singularities, i.e., the varieties corresponding to the algebras of invariants of Kleinian groups are of fundamental importance for Algebraic geometry, Representation theory and Singularity theory. The filtered deformations of these algebras of invariants were classified by Slodowy (the commutative case) and Losev (the general case). To an inclusion of Kleinian groups, there is the corresponding inclusion of algebras of invariants. We classify deformations of these inclusions when a smaller subgroup is normal in the larger.
Introduction
1 |G| g∈G g. Consider algebra C u, v #G/(uv − vu − c). We can view e as an element of this algebra. Algebra e(C u, v #G/(uv − vu − c))e is called a CBH algebra with parameter c and is denoted by O c .
We see that O c is a unital algebra with unit e. It was proved in [1] that O c is a filtered deformation of C [u, v] G . There exists a natural way of identifying Z(C[G]) with C × h, where h is a Cartan subalgebra corresponding to a simply-laced Dynkin diagram. It gives a correspondence between Kleinian groups and simply-laced Dynkin diagrams. This correspondence is called McKay correspondence. Denote by W the corresponding Weyl group. We see that for every commutative graded algebra B, W acts on Z(C[G]). It was proved in [1] that:
1. Parameters from h correspond to commutative deformations.
For every c ∈ Z(C[G])
, w ∈ W , O c is isomorphic to O wc . Theorem 1.1 (Crawley-Boevey Holland, Kronheimer). Every commutative filtered deformation of C [u, v] G is isomorphic to O c for some c ∈ Z(C [G] ) and O c is isomorphic to O c ′ if and only if there exists w ∈ W such that c ′ = wc.
Theorem 1.2 (Losev). Every filtered deformation of C[u, v]
G is isomorphic to O c for some c ∈ Z(C [G] ) and O c is isomorphic to O c ′ if and only if there exists w ∈ W such that c ′ = wc.
Now we move on to our object of study. Suppose that G 1 ⊂ G 2 are finite subgroups of SL (2) . Then C [u, v] G2 is a subset of C [u, v] G1 . Inclusion C [u, v] G2 ⊂ C [u, v] G1 is a homomorphism of graded algebras.
Definition 1.4. Suppose that i : A 2 ⊂ A 1 is an inclusion of graded algebras, (A 1 , χ 1 ) is a filtered deformation of A 1 , A 2 ⊂ A 1 is an inclusion of filtered algebras. We say that (A 2 , A 1 , χ 1 ) is a filtered deformation of i if χ 1 (gr A 2 ) = A 2 .
In this paper we classify filtered deformations of C[u, v] G2 ⊂ C [u, v] G1 in the case when G 1 is normal in G 2 .
CBH We will prove this proposition later.
Consider the image of Z(C[G 1 ])∩Z(C[G 2 ]) under the isomorphism Z(C[G
G2/G1 , its image is C × h G2/G1 . Every automorphism of Dynkin diagram gives an automorphism of h. We will prove that G 2 /G 1 acts on h by automorphisms of this form.
Denote the root system in h by Φ. We have another root system in h G2/G1 , defined as follows: Φ ′ = { g∈G2/G1 gα | α ∈ Φ}. This root system is called twisted root system. The fact that it is indeed a root system is proved, for example, in [2] , solution of Problem 4.4.17.
We will prove that Weyl group H of Φ ′ is naturally embedded in W . Hence H acts on Z(C [G] ).
The main results is as follows: The structure of the paper is as follows. In Sections 2 and 3 we define deformations of an algebra and of an inclusion of algebras over base and recall some techical facts about them.
We start with commutative case. In section 4 we prove that each derivation from C [u, v] G2 to C [u, v] G1 lifts to a derivation of C [u, v] . In section 5 we recall the result of Slodowy on the universal commutative deformation of C [u, v] G . In sections 6 and 7 we prove that each commutative deformation A 2 ⊂ A 1 of C [u, v] G2 ⊂ C [u, v] G1 is uniquely recovered from A 2 . In section 8 we find a universal commutative deformation of C [u, v] G2 ⊂ C[u, v] G1 using this result.
Then we deal with noncommutative case. In section 9 we recall the definition of a CBH algebra and restate the results of the previous sections in the language of CBH algebras. In section 10 we construct a universal deformation from the universal commutative deformation.
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Definitions and general properties of flat deformations
Let B be a commutative graded algebra such that B 0 = C, B i are finitedimensional and let m = B >0 = i>0 B i be a maximal ideal of B.
Definition 2.1. Let A be a commutative graded algebra. A deformation of A over B is a pair (A, χ),where A is a graded algebra over B, flat as a B-module, and χ is an isomorphism between A/mA and A.
is a deformation of A over B 2 and φ is a homomorphism of graded algebras from A 1 to A 2 . We say that φ is a morphism of deformations if the following holds:
The following triangle is commutative
where φ is a homomorphism induced by φ.
The notion of a deformation over base is a generaization of the notion of a filtered deformation:
′ is a filtered algebra. Its Rees algebra is defined as follows:
It is easy to see that Rees algebra is a free C[t]-module, A/tA ∼ = gr A ′ and A/(t − 1)A ∼ = A ′ . On the other hand, every deformation A of A over C[t] defines a filtered deformation A/(t − 1)A. It is easy to see that this consruction is an inverse to taking Rees algebra. We conclude that a filtered deformation is the same as a deformation over C [t] .
So we have a category D A of deformations of A over base. It will be clear soon that the problem of describing this category reduces to finding an initial object. An initial object in D A is called a universal deformation of A.
Definition 2.4. Let f : A 1 → A 2 be a homomorphism of graded algebras. Suppose A 1 is a deformation of A 1 over B, A 2 is a deformation of A 2 over B, φ : A 1 → A 2 is a B-linear homomorphism of graded algebras. We say that φ is a deformation of f if the induced morphism φ :
is a morphism of deformations of A 2 . We say that (χ, τ ) is a morphism of deformations of f if the following square commutes
It is easy to see that Rees construction gives a correspondence between filtered defrmation of f : A 1 → A 2 and deformations of f over C [t] .
We have the category of deformations of f over base. As with deformations of algebras, classification of all deformations reduces to finding a universal deformation.
The following lemma is standard.
Lemma 2.1. Suppose that A is a deformation of A over B.
1. Let a i be homogeneous elements of A such that their images form a basis in A. Then a i form a basis over B in A.
2. Let φ be a deformation of id A0 , φ : 
Corollary 2.3. Let A be a commutative deformation of C[x 1 , . . . , x n ]/(f (x 1 , . . . , x n )) (each x i has its own degree, f is homogeneous with respect to this grading) over B. Then A is isomorphic (as a deformation) to B[x 1 , . . . , x n ]/(F (x 1 , . . . , x n )) for some homogeneous
Proof. It is easy to find F such that F + m[x 1 , . . . , x n ] = f and a surjection π : B[x 1 , . . . , x n ]/(F (x 1 , . . . , x n )) → A. The rest follows from the previous two lemmas.
Statement 2.4.
1. Suppose that A is a deformation of A over B, φ : B → B 1 is a homomorphism of graded algebras. Then A⊗ B B 1 is a deformation of A over B 1 . Moreover, the natural homomorphism from A to A ⊗ B B 1 is a morphism of deformations of A.
Suppose that
The proof is straightforward. If B 1 = B/I we will denote φ ⊗ id by φ/I. It turns out that we have just described all morphsms of deformations:
Statement 2.5.
1. Suppose that A 1 , A 2 are deformations of A over B 1 , B 2 respectively, φ : A 1 → A 2 is a morphism of deformations. φ| B1 gives a structure of B 1 -module on B 2 . Consider the natural homomorphism g : A 1 ⊗ B1 B 2 → A 2 . Then g is an isomorphism of deformations. Moreover, the composition A 1 → A 1 ⊗ B1 B 2 → A 2 coincides with φ. The proofs are obvious.
Suppose that φ
1 : A 2 1 → A 1 1 , φ 2 : A 2 2 → A 1 2 are deformations of f : A 2 → A 1 over B 1 , B 2 respectively. Suppose that χ 2 : A 2 1 → A 2 2 , χ 1 : A 1 1 → A 1 2 is a morphism of deformations of f . χ 2 | B1 = χ 1 | B1 gives a structire of B 1 - module on B 2 . Then the pair of natural homomorphisms A 2 1 ⊗ B1 B 2 → A 2 2 , A 1 1 ⊗ B1 B 2 → A
Infinitesimal section
In sections 3-8 we consider only commutative deformations.
In this section we suppose that
where B is a graded algebra. Each x i has its own positive degree, f and F are homogeneous with respect to this grading. We suppose that B is finite-dimensional and there exists homogeneous ε ∈ B such that εm = 0.
Suppose that a is an element of A. Choose any element x in A such that the image of x under epimorphism A ։ A is a. We see that εx does not depend on choice of x. Denote this element by εa. Denote by εA the subspace {εa | a ∈ A}. Proof. Let d be the maximal positive integer such that (a 1 + B ≥d , . . . , a n + B ≥d ) = (b 1 + B ≥d , . . . , b n + B ≥d ). Now is easy to find such a pair I ⊂ J with
for all x ∈ mA 1 . Hence we can consider φ 1 − φ 2 as a mapping from A 1 to A 2 .
3. There exists a unique mapping d :
5. d is a homogeneous derivation of degree − deg ε.
The proof is straightforward. form a basis. Suppose that Proof. We need the following statement to prove the theorem: Statement 3.6. Let A, A 1 be as in theorem. Let A 2 be an arbitrary deformation of A over B 2 . Suppose that there is a morphism of deformations ψ : A 1 → A 2 /εA 2 . Then there exists a morphism of deformations φ :
Proof. Let φ(x 1 ) be any element of A 2 such that ψ(x 1 ) = p 2 φ(x 1 ). Define φ(x i ) ∈ A 2 and φ(y i ) ∈ B 2 in the same way. We have p 2 φ(F (x 1 , . . . , x n , y 1 , . . . , y m )) = ψ(F (x 1 , . . . , x n , y 1 , . . . , y m )) = 0. Therefore φ(F (x 1 , . . . , x n , y 1 , . . . , y m )) belongs to εA 2 . Let r be the element of A such that φ(F (x 1 , . . . , x n , y 1 , . . . , y m )) = εr.
To establish the existence of φ we need to find ∆ 1 , . . . , ∆ n ∈ A, δ 1 , . . . , δ m ∈ C such that
Then we modify φ to a well-defined mapping by replacing φ(x i ) with φ(x i )+ε∆ i for i = 1 . . . n and we are done.
We see that
Since εm = 0, we can view ∂f ∂xi and u i as elements of A. It is obvious that
δ j u j can be any element of A. In particular, it can be equal to −r. The statement follows.
Consider any filtration of B 2 by homogeneous ideals with one-dimensional quotients that starts on m: m = I 0 ⊃ I 1 ⊃ I 2 ⊃ . . .. We see that there exists a morphism of deformations from A 1 to A 2 /I 0 A 2 . It follows from the statement that any morphism of deformations from A 1 to A 2 /I k A 2 lifts to a morphism of deformations from A 1 to A 2 /I k+1 A 2 . Since ∩I k = {0}, the statement of the theorem follows. Proof. The theorem follows from the next statement combined with Lemma 3.1.
Statement 3.8. Let A 2 be arbitrary deformation of A over B 2 . Suppose that there exist two morphisms of deformations φ, ψ between A 1 and A 2 such that φ/εB 2 = ψ/εB 2 , where ε is an element of B 2 such that εB 2 is one-dimensional. Then there exists a derivation of A of negative degree.
In this section G 1 ⊂ G 2 are finite subgroups of SL(2, C). Define a mapping r :
It is obvious that r preserves degrees.
We are going to prove the next theorem:
The theorem is proved below in this section. Suppose that X is a smooth affine variety and a finite group G acts on X algebraically. The following fact is well-known.
. Then the following holds 1. π is finite.
2. Each fiber of π is a single orbit of action of G.
3. Y is smooth precisely in the points corresponding to free orbits of G. 
φ|
Proof. First let us prove a lemma. 
Using smoothness of X and applying Hartogs theorem we get an element g of
It is easy to see that D is a derivation.
Yi . Now it is clear that it remains to prove bijectivity for Φ i .
So we can assume that X, Y are affine, smooth and φ isétale. It follows that h :
. It is not hard to prove that the following square commutes:
Hence Φ is an isomorphism.
Proof of Theorem 4.1. The first part of theorem immediately follows from the last two propositions. To prove the second we note that if D is a derivation of
Universal deformations of Kleinian singulatities
Suppose that G is a finite subgroup of SL(2). We want to find the universal de-
The classification of universal deformations of Kleinian singularities is a result of Slodowy [3] . We will recall the proof of this result. It is well-known (see 0.13 in [4] or [5] , for example) that
, where all possible combinations of G, f, deg x, deg y, deg z are as follows: Proof. Write down all possible f : x n + yz, xy
It is easy to check that the following elements have the desired property: We will call this surjection canonical.
The uniqueness of the bigger deformation
The following theorem is the main step in classifying commutative deformations.
Theorem 6.1. Suppose that B is a graded commutative algebra, A 2 is a deformation of C [u, v] G2 over B, ι 1 :
The proof will be in two steps. In this section we prove that Statement 6.7 implies Theorem 6.1. In the next section we prove Statement 6.7.
Let ι :
From now on we start proving Theorem 6.1 by contradiction. Let ι 1 : Proof. Using Lemma 5.3 we can reformulate the second and the third claim as follows:
The lemma follows easily.
Remark 6.4. Using Corollary 4.3 we see that ι 1 /J = ι 2 /J.
Replace B with B/I. Now we can assume that there exists an element ε ∈ B such that εm = 0 and ι 1 /(ε) = ι 2 /(ε)
, and so on. Let φ(x 2 ) be any element such that
We see that φ(x 2 ) − εa 0 satisfies the required equalities.
Recall that we have two deformations of
Proof. The corollary follows from the fact that ι 1 /(ε) = ι 2 /(ε).
Hence there exist elements S x , S y , S z of C[x 1 , y 1 , z 1 ] such that φ 1 (x 2 ) = φ 2 (x 2 )+εS x and so on. Denote by Q 1 the element φ1(F2) F . We see that there exists a unique T ∈ C[x, y, z] such that Q 1 = Q 2 + εT .
First we note that
Using definition of Q 1 , Q 2 , T and R we get
1 T ) (2) Combining this with (1) we see that 
Since R is nonzero and belongs to Span(u 1 , . . . , u m ), it does not belong to the ideal generated by Recall that we are proving theorem 6.1 by contradiction. In order to get a contradiction, we will prove that qR does not belong to (f 1 , ψ( Let ψ 1 be another such homomorphism. Let us prove that
Proof. It is obvious that the ideal
We will prove only first equality, the other two are proved in the same way. So we can assume that ψ 1 (y 2 ) = ψ(y 2 ), ψ 1 (z 2 ) = ψ(z 2 ). Let p be an element of
The lemma follows.
Injectivity of multiplication by q
In this section we will reformulate Statement 6.7 and then prove it.
The proof is in three steps:
1. Reduce Statement 6.7 to Statement 7.3.
2. Prove Statement 7.3 for inclusions C k ⊂ C l and C 2 ⊂ G.
Using Statement 7.4 prove Statement 7.3 for all inclusions.
If G is a finite subgroup of SL(2, C) we denote by π the canonical projection from C[x, y, z] onto C[u, v] G . If G 1 ⊂ G 2 are finite subgroups of SL(2, C) we denote by i 21 the inclusion
. We denote by ψ 21 any homomorphism of graded algebras from C[x 2 , y 2 , z 2 ] to C[x 1 , y 1 , z 1 ] such that π 1 ψ 21 = i 21 π 2 . We denote by q 21 the element of C[x 1 , y 1 , z 1 ] such that q 21 f 1 = ψ 21 (f 2 ). Taking partial derivatives with respect to x 1 , y 1 , z 1 of the previous equality we get the following lemma: 
Hence we can assume that m 21 is a mapping from
Let us prove that the natural homomorphism from
∂z2 , where a G2 denotes the averaging of a.
Statement 7.3. Suppose that G 1 ⊂ G 2 are finite subgroups of SL (2) . Then m 21 (a M1 ) = αa M2 , where α is a non-zero complex number.
We will prove this statement later. Note that Statement 6.7 follows from this statement. 
Proof. Recall that q 21 is equal to ψ21(f2) f1
. Denote by ψ 31 the composition ψ 21 • ψ 32 . It is obvious that π 1 ψ 31 = i 31 π 3 .
Applying π 1 to this equation we get
We see that the image of
The latter coincides with m 31 (b).
G0 has three generators: uv, u 2 , v 2 and the projection π 0 :
G0 sends x 0 to uv. Let G be a finite subgroup of SL(2) of even order. Denote q G,G0 by q. Denote by ψ a lift of the embedding
Lemma 7.5.
With appropriate choice of
The first claim follows. 
Lemma. Suppose that a ) and so on.
. We easily get a contradiction with Theorem 4.1. Now let us prove similar statements about inclusion C k ⊂ C l , where C k is a cyclic group of order k.
Lemma 7.6.
1. With appropriate choice of
3. There exists a representative b of a M1 such that
, where x 1 , y 1 , z 1 map to uv, u k , v k respectively. Define ψ 21 as follows:
. We see that
Suppose that G 2 ⊂ G 3 are finite subgroups of SL (2). There are three cases:
We already proved the third case. Apply Statement 7.4 to
α2 a M3 . This proves the first case. It remains to prove the second case. Note that G 3 contains C 4s+2 . We can apply Statement 7.4 to
Since we proved the first case m 32 (a M2 ) = α 3 a M3 . Hence m 31 (a M1 ) = α 2 α 3 a M3 .
Normal case
Suppose that G 1 ⊳ G 2 are finite subgroups of SL(2). We are going to find a universal deformation of i :
G1 . This will be done in two steps:
1. There exists a natural one-to-one correspondence between deformations of i and deformations of C[u, v] G1 admitting an action of G 2 /G 1 with certain properties.
There exists a universal deformation of C[u, v]
G1 among admitting an action of G 2 /G 1 .
Suppose that A is a graded algebra, G is a group of automorphisms of A. Then G acts on isomorphsm classes of deformations of A: if g is an element of G, (A, χ : A/Am ∼ = A) is a deformation of A over B, we define g A as (A, g • χ). Suppose that i : A 1 → A 2 is an inclusion of graded algebras, G is a group consisting of automorphisms of A 2 that preserve A 1 element-wise. If ι : A 1 → A 2 is a deformation of i, then the same map between A 1 and g A 2 will be deformation of i. Therefore we have an action of G on isomorphsm classes of deformations of i.
Suppose that ι :
g A 1 is a deformation of i. Applying Theorem 6.1 to these two deformations we get the following statement:
Then for every g ∈ G 2 /G 1 there exists a unique isomorphism of deformations τ g :
G1 intertwines the action of G 2 /G 1 .
Proof. Suppose that g is an element of G 2 /G 1 . Then we have an isomorphism of deformations τ g :
Since graded algebras g A 1 and A 1 are equal, we have an isomorphism of graded algebras ρ g : A 1 → A 1 such that ρ g |A 2 = id. Suppose that h is an element of G 2 /G 1 . It is easy to see that τ g , considered as a map from h A 1 to hg A 1 is an isomorphism of deformations.
Denote by ρ the corresponding right action of G 2 /G 1 on A 1 /mA 1 . Denote by p the projection
It follows that the action g → ρ g −1 meets all conditions. Statement 8.3. Suppose that A 1 is a (possibly, noncommutative) deformation of C [u, v] G1 and there exists an action of G 2 /G 1 on A 1 such that 1. G 2 /G 1 acts on B trivially.
The isomorphism χ :
G1 is an intertwining operator.
G2 over B and the inclusion ι :
The proof is straightforward. 
Proof. We can assume that
G2/G1 . It is obvious that χ, if it exists, must be equal to τ | A 1
2
. It remains to prove that τ intertwines the action of . Using Corollary 2.7 we get τ g = gτ .
LetÃ be a universal deformation of C [u, v] G1 overB. Suppose that g is an element of G 2 /G 1 . Then gÃ is a universal deformation too. Hence there is an isomorphism τ g :Ã → gÃ . Restricting τ g toB we get an action of
We need the following standard lemma:
Lemma. Suppose that a finite group G acts on the graded algebra C[y 1 , . . . , y m ] (each y i has its own degree). Then we can choose homogeneous elements z 1 , . . . , z m ∈ C[y 1 , . . . , y m ] such that
2. For each j from 1 to m either z j is invariant under G or g∈G gz j = 0
Let z 1 , . . . , z m be elements ofB as in this lemma. Let I = (z k+1 , . . . , z m ) be the ideal generated by z j with zero averaging.
Proposition 8.5.
1. Suppose that A is a deformation of C[u, v] G1 over B that admits an action of G 2 /G 1 . Then the morphism of deformations ψ fromÃ to A is G 2 /G 1 -equivariant. Moreover, ψ factors throughÃ/IÃ.
2.Ã/IÃ admits an action of
Proof.
1. Suppose that g is an element of G 2 /G 1 . We see that ψ : gÃ → g A is a morphism of deformations. The arrow fromÃ to g A is unique. Hence ψτ g = τ g ψ. It follows that ψ is G 2 /G 1 -equivariant. Hence ψ(I) = 0. So ψ factors throughÃ/IÃ.
2. Suppose that g is an element of G 2 /G 1 , π is the projectionÃ ։Ã/IÃ.
It is easy to see that π|B = (πτ g )|B. It follows from Corollary 2.6 that A/IÃ and g (Ã/IÃ) are isomorphic and the isomorphim isB/I-linear. Remark. We can find a universal deformation of
G1 in case of subnormal inclusion G 1 ⊂ G 2 using Theorem 6.1. However, this requires some computation, so we omit it now.
CBH algebras
From now on deformations are not supposed to be commutative. Definition 9.1. Suppose that G is a finite group acting on an algebra A by automorphisms. Define a bilinear product · on A ⊗ C C[G] in the following way:
This algebra is called the smash product of A and G and is denoted by A#G.
It is easy to see that · is an associative product. The following facts were proved in [1] Statement.
1. O c is a free R-module. * . We have another scalar product:
The following theorem is well-known. We will need another fact from [1] .
Suppose that A is a deformation of A over B, φ is a graded automorphism of B. Then the following are equivalent:
1. There exists an automorphism of deformation Φ : A → A such that Φ| B = φ. Proof. It is obvious that Φ : A → A is an automorphism of deformation if and only if Φ : A → A φ is an isomorphism of deformations.
Consider the deformation
H is a subgroup of W such that for every h ∈ H there exists an automorphism φ h of B such that φ h (c) = h(c). Then for every h ∈ H there exists an automorphism Suppose thatÃ is a universal commutative deformation of C [u, v] G . Let χ be a unique morphism of deformations fromÃ toÕ.
Theorem 9.4 (Crawley-Boevey Holland, Kronheimer). χ is a bijection betweenÃ andÕ W .
Proof. The fact that SpecmÕ
G in the category of complex analytic varieties was proved in [1] . It follows that there exists a complex-analytic morphism of deformations φ from SpecmÃ to SpecmÕ W . Since C [u, v] G is a graded algebra, we have an action of We see that φ is a morphism of algebraic varieties. Denote by χ * the morphism of algebraic varieties corresponding to χ. Since SpecmÃ and SpecmÕ W are universal deformations, both compositions φχ * and χ * φ are identity. Hence χ is an isomorphism. Proof. Define an action of G 2 on B u, v #G 1 as follows: g(f ⊗ h) = gf ⊗ ghg −1 . This is an action by B-algebra automorphisms. It is easy to see that g(xy − yx − c) = xy − yx − c and ge G1 = e G1 . So we have an action on e G1 (B u, v #G 1 /(uv − vu − c))e G1 . It is not hard to prove that the action of Using Remark 9.1 see that O G2/G1 c ∼ = e G2/G1 (O c #G 2 /G 1 )e G2/G1 . Now it is easy to construct an isomorphism of deformations between e G2/G1 (O c #G 2 /G 1 )e G2/G1 and O Lemma 10.2. Suppose that G is a nontrivial subgroup of SL(2), P :
G is a nonzero bilinear antisymmetric homogeneous mapping of degree i < 0 satisfying Leibniz identity. Then i = −2 and P is proportional to the standard Poisson bracket on C [u, v] G .
Proof. Proceeding as in [6] , Lemma 2.23 we get that P is a restriction of some G-equivariant Poisson bracket of degree i on C [u, v] . Hence i ≥ −2. If i = −1, then {u, v} is a G-invariant nonzero element of C 2 . There are no such elements for nontrivial G. Proof. See, for example, page 15 of [7] . 
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